Abstract. Under certain conditions, we describe the homotopy type of the homotopy fibre of the inclusion map F n (X) ֒−→ n 1 X for the n th configuration space F n (X) of a topological manifold X without boundary such that dim(X) ≥ 3. We then apply our results to the cases where either the universal covering of X is contractible or X is an orbit space S k /G of a tame, free action of a Lie group G on the k-sphere S k . If the group G is finite and k is odd, we give a full description of the long exact sequence in homotopy of the homotopy fibration of the inclusion map
Introduction
Configuration spaces have a long history and continue to be an active topic of research, due to their interesting topological and geometric properties [6, 10] . They arise in various areas in mathematics, such as low-dimensional topology, homotopy theory, dynamical systems and hyperplane arrangements, and play an important rôle in the study of braid groups [4] . If n ≥ 1, the n th configuration space of a topological space X is defined to be the subspace of the n-fold Cartesian product F n (X) = (x 1 , . . . , x n ) ∈
The classical notion of configuration space has been generalised in several directions, one of them being the following. Given a free action G × X −→ X of a group G on X, we define the n th orbit configuration space of X (with respect to G) as follows [7] :
(0.2) F G n (X) = (x 1 , . . . , x n ) ∈ n 1 X Gx i ∩ Gx j = ∅ for all i = j .
Note that if G is the trivial group then F G n (X) coincides with the usual configuration space F n (X).
One general question that is related to the study of F n (X) is the analysis of the inclusion map i n (X) : F n (X) ֒−→ n 1 X, and if one is interested in the homotopy groups of these spaces, the homotopy fibre I in(X) of this map (up to homotopy equivalence). The study of the homotopy fibre of this inclusion map has been carried out for certain manifolds X. If X is a one-dimensional manifold (the circle S 1 or the real line R 1 ) then by [20] , the configuration space F n (R 1 ) is homeomorphic to a disjoint union of n! copies of the open n-simplex, and using [6, Example 2.6], there is a homeomorphism
. One may then describe the homotopy fibre of the inclusion map i n (X) :
The study of configuration spaces for surfaces was initiated in [11] . In the case, the question about the homotopy fibre of i n (X) was considered by Goldberg in [13] when the surface is different from S 2 and RP 2 , in which case the homotopy fibre is aspherical. Recently the cases when X is either S 2 or RP 2 have been studied in [14, 15] , and it was shown that the homotopy fibre of i n (X) is no longer aspherical.
In this paper, we study the homotopy fibre of the inclusion map i n (X) : F n (X) ֒−→ n 1 X for topological manifolds X without boundary and of dimension ≥ 3. As special cases, if the universal covering of X is contractible or X is an orbit space S k /G of a free, tame action of a Lie group G on the k-sphere S k then we describe the homotopy type of the homotopy fibre I in(X) of the map i n (X). In particular if X = S k /G, the group G is finite and k ≥ 3 is odd, we give a full description of the long exact sequence in homotopy of the homotopy fibration of the inclusion map i n (X) : F n (X) ֒−→ n 1 X. Let X and Y be topological spaces. We write X ≃ Y if X and Y have the same homotopy type, and if f, g : X −→ Y are maps, we write f ∼ g if they are homotopic. The connectivity of X, denoted by conn(X), is defined to be the largest non-negative integer n (or infinity) for which π i (X) = 0 for all i ≤ n. In Section 1, we recall and prove various results about pull-backs with a homotopical approach to fibrations that will be used in the rest of the paper. It is well known that a homotopy-commutative diagram of the form:
gives rise to a map I(g, g ′ ) : I f −→ I f ′ between the homotopy fibres of f and f ′ that is compatible with this diagram (see Remark 1.2 for the precise definition of this map and some of its properties). Proposition 1.5 highlights various homotopy fibrations and homotopy equivalences that arise from such homotopy-commutative diagrams, and is main result of Section 1. In Section 2, X will mostly be a topological manifold without boundary such that dim(X) ≥ 3, and we shall frequently assume that there exists an action of a topological group G on X. At certain points, we will suppose additionally that the action is tame [8] , so that the quotient space X/G is also a topological manifold. In this case, if Q 1 ∈ X, the map i n (X) : F n (X) ֒−→ n 1 X and the quotient map q(X) : X −→ X/G induce a map ψ n (X) : F G n (X) −→ F n (X/G) between the n th orbit configuration space of X and the n th configuration space of X/G, an inclusion i
. These maps are defined at the beginning of Section 2. We also define maps j n (X) :
In the first part of Section 2, we shall study these maps, the aim being to relate their homotopy fibres to that of the map i n (X) : F n (X) ֒−→ n 1 X, and to obtain (weak) homotopy equivalences between them. In Theorem 2.2, we prove a result concerning the connectivity of the map i n (X) that extends a result of Birman from the smooth category to the topological category [3, Theorem 1]. The following theorem, which is the main result of Section 2, describes certain properties of the long exact sequence in homotopy of the fibration associated with the inclusion map
Theorem 2.5. Let G × X −→ X be a free, tame action of a Lie group G on a connected topological manifold X without boundary, and let Q 1 ∈ X. Suppose that the inclusion map i
X is null homotopic (this is the case if for example the inclusion map X\GQ 1 ֒−→ X is null homotopic).
(1) The maps I(id
are homotopy equivalences, and the map I(ψ n−1 (X\GQ 1 ),
Suppose that the homomorphism π j (X) −→ π j (X/G) induced by the quotient map X −→ X/G is injective for all j ≥ 1 (this is the case if for example the inclusion map GQ 1 ֒−→ X is null homotopic). For all j ≥ 2, up to the identification of the groups π j−1 (I in(X/G) ) and
the restriction to the subgroup π j (
given by the long exact sequence in homotopy of the homotopy fibration I in(X/G)
The map k n (X) :
is a weak homotopy equivalence that is defined just after the commutative diagram (2.7). By applying Theorem 2.5 to manifolds whose universal covering is contractible, in Proposition 2.7 we show that the homotopy fibre I in(X/G) is weakly homotopy equivalent to a number of different spaces that arise in the construction of the above-mentioned maps.
In Section 3, we apply the results of Section 2 to orbit manifolds of the form S k /G, G being a finite group that acts freely and tamely on the k-sphere S k , where k ≥ 3.
One of the two principal results of Section 3 is the following corollary that describes the homotopy type of the homotopy fibre of the inclusion i
(1) There is a homotopy equivalence
The second main result of Section 3 is the following proposition that gives a more detailed description of the long exact sequence in homotopy of the fibration associated with the inclusion map i n (S k /G) :
Proposition 3.6. Let k ≥ 3 be odd, let j ≥ 2, and let
(2) there are split short exact sequences of the form:
In particular, if G is the trivial group then there is a split short exact sequence:
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Preliminaries
In this section, we first prove a lemma concerning the pull-back of a covering map. We then go on to prove some results about homotopy fibres of homotopy commutative diagrams that will be useful in what follows. 
Proof. The fact that the induced map p ′ : X × YỸ −→ X is a covering is well known.
Then the proof of [18, Chapter V, Proposition 11.1] leads to
Now suppose that X is path connected and that p : (Ỹ ,ỹ 0 ) −→ (Y, y 0 ) is the universal covering map. We shall show that the set π 0 (X × YỸ ) of path-connected components of X × YỸ is in bijection with the set of right π 1 (f )(π 1 (X))-cosets in π 1 (Y ). First, notice that the restriction of the map f ′ : X × YỸ −→Ỹ to
. In light of the canonical actions
, we have:
Since the fibre p ′−1 (x 0 ) consists of the points of the form (x 0 ,ỹ), whereỹ ∈ p −1 (y 0 ), for any (x 0 ,ỹ) ∈ p ′−1 (x 0 ) there exists αȳ ∈ π 1 (Y ) such thatȳ = αȳy 0 . Consequently,
To prove the last part of the statement, by the previous parts, X × YỸ is a connected covering space of X, and
trivial because p ′ is a covering map. It follows that X × YỸ is the universal covering space of X as required.
denote the mapping path and homotopy fibre of f , respectively. Notice that I f is determined by the homotopy pull-back diagram,
where c y 0 : * −→ Y is the constant map determined by a point y 0 ∈ Y , q : I f −→ * is the constant map, and p f : I f −→ X is the projection map. It is well known that I f ֒−→ E f −→ Y is a fibration and that E f and X have the same homotopy type [2, Proposition 3.5.8 and Remark 3.5.9]. We will refer to the sequence of maps
, the homotopy fibres of two homotopic maps have the same homotopy type.
Recall that a map f : X −→ Y of pointed spaces is said to be n-connected if the induced homomorphism π j (f ) : π j (X) −→ π j (Y ) is surjective if j = n and is an isomorphism for all j ≤ n − 1. Note that the map f is n-connected if and only if its homotopy fibre I f is (n − 1)-connected, in other words, if π i (I f ) = 0 for all 0 ≤ i ≤ n − 1.
(a) Suppose that the square
) for all t ∈ I, and consider the associated map ϕ :
. Then there is a homotopy-commutative diagram:
where
is the standard homotopy pull-back P , the mapsf andḡ are defined by projection onto the first and third factors respectively, and h : X −→ P is the corresponding whisker map given by h(x) = (f (x), ϕ(x), g(x)) for all x ∈ X. If y 0 = f (x 0 ) and y and in this case,
is the restriction to the homotopy fibres
Let f : X −→ Y be a pointed map, and consider the associated homotopy fibration
where Ω(Y ) denotes the loop space of Y. Suppose further that f is null homotopic. Setting g = id X , g ′ = id Y and f ′ = c y 0 in the construction of part (a), and taking the homotopy H to be such that H(x 0 , t) = y 0 for all t ∈ I, we have ϕ(x 0 ) = c y 0 , and the map I(id X , id Y ) :
, and so coincides with inclusion of Ω(Y ). This yields a homotopy equivalence:
If F ֒−→ X −→ Y is a fibration then it is well known that the homotopy fibre of the inclusion map F ֒−→ X has the homotopy type of Ω(Y ). Consequently, if the inclusion map F ֒−→ X is null homotopic then by (1.7) there is a homotopy equivalence: 
The statement of Lemma 1.3 may be summed up by the three rightmost columns of the following commutative diagram:
where the dotted arrows indicate the corresponding homotopy fibres. Let f : X −→ Y be a fibration, let F f = f −1 (y 0 ) be the topological fibre over a point y 0 ∈ Y , and let I f be the homotopy fibre of f . Then, by [2, Proposition 3.5.10], the injective map ι f :
is a homotopy equivalence. Let j f : F f ֒−→ X denote the inclusion of the topological fibre in the total space X. Note that j f = p f • ι f . We obtain the following corollary (summarised in diagram (1.9)) by combining this with Remark 1.2(b) and Lemma 1.3. 
which proves the first part of the statement for the first fibration.
We now prove that the homotopy fibres I I(g,g ′ ) and I h have the same homotopy type. Given a point y 0 ∈ Y , the two squares of the following diagram:
are homotopy pull-backs, and thus the whole rectangle is a homotopy pull-back [19, Lemma 12] . But the square
is the standard homotopy pull-back, and I(ḡ, g ′ ) : If −→ I f ′ is a whisker map by Remark 1.2(a). It follows from [19, p. 226] 
, and using the fact that I(ḡ, g ′ ) is a homotopy equivalence, it follows from the last part of Remark 1.2(b)
is a homotopy equivalence. Further,
, from which we conclude that I I(g,g ′ ) ≃ I h . The remaining assertions of the proposition follow by exchanging the rôles of f,f and f ′ with those of g,ḡ and g ′ respectively.
To prove the final result of this section, we require the following lemma. 
The first part of the lemma follows by applying [19, Lemma 45 ] to the homotopy pull-back diagram (1.2). The second part may be obtained by noting that if Z is a pointed space then the Puppe fibre sequence gives rise to a bijection (Ωf ) * : [Z, ΩX] −→ [Z, ΩY ], which implies that Ωf : ΩX −→ ΩY is a homotopy equivalence. Remark 1.7. Let f : X −→ Y be a pointed map of path-connected spaces such that Ωf : ΩX −→ ΩY is a homotopy equivalence. Then f is a weak homotopy equivalence, but it is not necessarily a homotopy equivalence. Indeed, the loop space of the Warsaw circle is contractible, but the Warsaw circle is not. Nevertheless, under certain hypotheses, f is a homotopy equivalence. For example, if f : X −→ Y is a pointed map of path-connected Dold spaces (the class of such spaces contains CWspaces) for which Ωf : ΩX −→ ΩY is a homotopy equivalence, Allaud [1] proved that f is a homotopy equivalence.
Combining diagram (1.9) with Lemma 1.6, we obtain the following result. 
homotopy equivalence.
Further, the restriction of g ′ to the topological fibres
Since the injective maps ι f : F f ֒−→ I f and ι f ′ : F f ′ ֒−→ I f ′ (as defined just before the statement of Corollary 1.4) are homotopy equivalences, the map I(g ′ , g) : I f ′ −→ I f is a homotopy equivalence, and so Lemma 1.6(1) implies that the homotopy fibre I I(g ′ ,g) is contractible. So by Proposition 1.5, the homotopy fibre
is also contractible, and we conclude from Lemma 1.6(2) that the induced map ΩI(f ′ , f ) : ΩI g ′ −→ ΩI g is a homotopy equivalence, which proves the first part of the statement. If further g :
X is also 1-connected, and so by Remark 1.2(d), the spaces I g and I g ′ are path connected. Lemma 1.6(2) implies that the map I(f ′ , f ) :
homotopy equivalence as required.
Configuration spaces and the inclusion map
Let X be a topological space, and let n ≥ 1. Given a free action G × X −→ X of a group G on X, recall from (0.1) (resp. from (0.2)) that F n (X) is the n th configuration space (resp. F G n (X) is the orbit configuration space) of X. Let i n (X) : F n (X) ֒−→ n 1 X denote the inclusion map. We assume from now on that G is a topological group. Let q(X) : X −→ X/G denote the associated quotient map, and letx = q(X)(x) for all x ∈ X. Then q(X) induces a map ψ n (X) :
We thus obtain the following commutative diagram:
Further, the associated (strict) pull-back F n (X/G) × n 1 X/G n 1 X is given by:
One may then check that the map
Now suppose that X is a topological manifold, let Q r = {q 1 , . . . , q r } be a finite, non-empty subset of X whose elements belong to distinct orbits, and letQ r = q(X)(Q r ). Let i
is a (strict) pull-back, taking X\GQ r in place of X in diagram (2.1) and composing with the above diagram, we obtain the following (strict) pull-back:
Now the map n 1 q(X) :
X/G is a fibration, and the application of Corollary 1.8 to the map I ψ n (X\GQ r ),
gives rise to the following homotopy equivalence:
X denote the projection map given by forgetting the i th coordinate. Let J = (i 1 , . . . , i r ) be a sequence of integers that satisfy 1 ≤ i 1 < i 2 < · · · < i r ≤ n, and let p J (X) :
The map p i (X) restricts to the map p i (X) Fn(X) : F n (X) −→ F n−1 (X) that is a fibration whose fibre may be identified with X\Q n−1 , where Q n−1 = {q 1 , . . . , q i−1 , q i+1 , . . . , q n }. This is a special case of the following result. With the above notation, the map p J (X) Fn(X) : F n (X) −→ F n−r (X) is a fibration whose fibre may be identified with F r (X\Q n−r ), where Q n−r = Q n \{q i 1 , . . . , q ir }.
For 1 ≤ i ≤ n, let J i = (1, . . . , i − 1, i + 1, . . . , n). From now on, we assume that X is a pointed topological manifold without boundary. We thus obtain the following commutative diagram: (2.4)
where the two inclusions j ′ n (X) : F n−1 (X\Q 1 ) ֒−→ F n (X) and j n (X) : (2.5) I(j n ′ (X), j n (X)) :
is a homotopy equivalence for all choices of 1 ≤ i ≤ n above.
Our next goal is to prove the following theorem that is a stronger version of [3, Theorem 1], without the hypothesis that X is smooth.
Theorem 2.2. Let X be a connected, topological manifold without boundary. Then the inclusion map
Clearly, Theorem 2.2 implies [3, Theorem 1]. In order to prove Theorem 2.2, we shall make use of the following lemma.
Lemma 2.3. Let X be a connected, topological manifold without boundary, and let Q be a finite non-empty subset of X. Then the inclusion map i(X)
Proof. If dim(X) = 1, the result is clear since X is connected. So assume that dim(X) ≥ 2, and suppose first that Q consists of a single point q. Write X as the union of X\Q and D q , where D q is a small open disc whose centre is q (such a disc exists because X is a topological manifold), and let x be a basepoint lying in (X\Q) ∩ D q . Now (X\Q) ∩ D q has the homotopy type of a sphere whose dimension is equal to dim(X) − 1, which is strictly positive, so by Van Kampen's Theorem, π 1 (X) is isomorphic to the quotient of π 1 (X\Q) by the normal closure in π 1 (X\Q) of the image of π 1 ((X\Q) ∩ D q ) by the homomorphism induced by the inclusion (X\Q)∩D q ֒−→ X\Q, which implies in particular that the homomorphism π 1 (i(X)) :
If dim(X) = 2, the result follows using the connectedness of X. Now assume that dim(X) > 2. Then π 1 ((X\Q) ∩ D q ) is trivial, and we conclude from the above arguments that the homomorphism π 1 (i(X)) : π 1 (X\Q) −→ π 1 (X) is an isomorphism. To compare the higher homotopy groups, consider the universal covering p :X −→ X of X, and set X 1 = p −1 (X\Q). Identifying X 1 with the pull-back (X\Q) × XX , it follows from Lemma 1.1 that the map p | X 1 : X 1 −→ X\Q is the universal covering of X\Q, in analogy with the method of [9, Section 2]. By the relative form of the Mayer-Vietoris sequence, the relative homology groups H i (X, X 1 ) are zero for all 0 ≤ i ≤ dim(X) − 1. The Hurewicz Theorem then implies that the homomorphism π j (X 1 ) −→ π j (X) is an isomorphism if j + 1 < dim(X) and is surjective if j = dim(X) − 1. So if Q consists of a single point, using the fact that
is an isomorphism if j + 1 < dim(X) and is surjective if j = dim(X) − 1, which proves the result in this case. In the general case, if Q = {q 1 , . . . , q m }, where m ≥ 2, the result follows by induction on m and by writing the manifold X\Q as (X\{q 1 , . . . , q m−1 })\{q m }.
Proof of Theorem 2.2.
The proof is by induction on n. If n = 1 then the statement clearly holds. So assume that the result is true for some n ≥ 1 and for any connected topological manifold without boundary. By taking the long exact sequence in homotopy of the fibrations of the commutative diagram (2.4), where we replace n by n + 1, we obtain the following commutative diagram of exact sequences: (2.6)
is surjective if j < dim(X), and is injective if j + 1 < dim(X) by the induction hypothesis applied to the manifold X\Q 1 (resp. by Lemma 2.3). Hence π j (i ′ n (X)) is surjective if j < dim(X), and is an isomorphism if j + 1 < dim(X). Applying the 5-Lemma to (2.6), it follows that π j (i n+1 (X)) is surjective if j < dim(X) (resp. is an isomorphism if j + 1 < dim(X)) as required. Following [8] , we say that the action of a topological group G on X is tame if the orbit space X/G is a topological manifold. For instance, [17, Theorem 7.10] implies that any free, proper and smooth action of a compact Lie group G on a smooth manifold X without boundary is tame. Now let G×X −→ X be a free, tame action of a group G on a topological manifold X without boundary, and consider the commutative diagram (2.2) and the leftmost commutative square of (2.4), where in the second case, we replace X by X/G and Q 1 byQ 1 . Applying the construction of Remark 1.2(c) to each of these squares gives rise to the following commutative diagram, where the rows are homotopy fibrations: (2.7)
gives rise to a homotopy equivalence ΩI(ψ n−1 (X\GQ 1 ), .3), and the map I(j ′ n (X/G), j n (X/G)) :
is a homotopy equivalence by (2.5). Let k n (X) :
Let G×X −→ X be a tame, free action of a Lie group G on a topological manifold X without boundary. This action gives rise to a fibration G ֒−→ X −→ X/G of manifolds, where the fibre over the pointQ 1 ∈ X/G is identified with GQ 1 . If the inclusion map GQ 1 ֒−→ X is null homotopic then the homomorphism π j (X) −→ π j (X/G) induced by the quotient map X −→ X/G is injective for all j ≥ 0, so we may regard π j (X) as a subgroup of π j (X/G). Furthermore, by (1.8), there is a homotopy equivalence h : Ω(X/G) ≃ −→ G × Ω(X) that may be described in terms of a homotopy between the inclusion map GQ 1 ֒−→ X and the constant map. If e ∈ G denotes the unit element of G, the restriction of the inverse of the homotopy equivalence h : Ω(X/G) ≃ −→ G × Ω(X) to {e} × Ω(X) is homotopic to the loop of the projection map X −→ X/G.
For the purpose of the following theorem, which is the main result of this section, for all j ≥ 0, we identify π j+1 (X/G) with π j (G) × π j+1 (X) via the homotopy equivalence h : Ω(X/G)
For this particular identification, we are taking i = n in (2.4).
Theorem 2.5. Let G × X −→ X be a free, tame action of a Lie group G on a connected topological manifold X without boundary, and let Q 1 ∈ X.. Suppose that the inclusion map i
X is null homotopic (this is the case if for example the inclusion map X\GQ 1 ֒−→ X is null homotopic).
given by the long exact sequence in homotopy of the homotopy fibration I in(X/G) .7) coincides with the inclusion of π j (
Proof.
(1) By hypothesis, i 
X)
I be the path given by ϕ(x)(t) = H(x, t). Applying Remark 1.2(e) to the homotopy fibration (2.8)
we obtain a homotopy equivalence:
is a weak homotopy equivalence by Corollary 1.8 and (2.3). Further, by (2.5), the map I(j n ′ (X/G), j n (X/G)) :
is a homotopy equivalence, and this proves the first part of the statement.
Assume that G is a discrete group. Since X is a 1-connected manifold, the quotient map
X/G is the universal covering. Now dim(X/G) ≥ 3, and applying Corollary 2.4, we see that the homomorphism π 1 (i
It follows from diagram (2.2) and Lemma 1.1 that ψ n−1 (X\GQ 1 ) :
(2) Let j ≤ min(conn(X), dim(X/G) − 2). Applying the long exact homotopy sequence to the following commutative diagram whose rows are fibrations: (2.10)
yields the following commutative diagram whose rows are exact:
is the boundary homomorphism corresponding to the first (resp. second) row of (2.10). Since j ≤ dim(X/G) − 2, by applying Corollary 2.4 to the manifold X/G, we see that the homomorphism π k (i ′ n−1 (X/G)) is surjective for all k ≤ j + 1 and is an isomorphism if k ≤ j. The fact that j ≤ conn(X) implies that the homomorphism π k (
G)
is surjective for all k ≤ j + 1 and is an isomorphism if k ≤ j. By the commutativity of the diagram (2.11), it follows that the boundary homomorphism
is surjective for all k ≤ j + 1 and is an isomorphism if k ≤ j, and so by exactness of the uppermost row of (2.11),
denote the boundary map of the homotopy fibration (2.8), and let∂ j : π j (
denote the composition of the associated boundary homomorphism π j−1 (d) with the isomorphism π j−1 (I(id F G n−1 (X\GQ 1 ) , id n−1 1 X )) induced by the homotopy equivalence given by (2.9). Identifying π j (X) with π j−1 (Ω(X)), and applying Remark 1.2(e), it follows that∂ j coincides with the inclusion homomorphism
The first and third rows of diagram (2.7) give rise to the following commutative diagram of homotopy fibrations:
(2.12)
where the leftmost vertical map k n (X) :
, and is a weak homotopy equivalence by part (1). Now letd : Ω( n 1 X/G) −→ I in(X/G) be the boundary map of the lower homotopy fibration of (2.12), and let
be the induced boundary homomorphism.
Consider the element ω = (ω 1 , . . . , ω n−1 , c q n−1 ) ∈ Ω(
by Remark 1.2(e). On the other hand, (q 1 , . . . , q n−1 , ω 1 , . . . , ω n−1 ) ∈ I i ′′ n−1 (X) , and by Remark 1.2(c), the definition of k n (X), (2.9) and (2.13), we have:
. . , q n−1 , ω 1 , . . . , ω n−1 ) = (q 1 , . . . , q n−1 , ω 1 , . . . , ω n−1 ).
Thus the image of
). In particular, up to identification of π j−1 (I in(X/G) ) and
the restriction of the homomorphism∂ j : 
n−1 (X\π 1 (X)Q 1 ) and F n−1 (X\Q 1 ) are homeomorphic, and there exists a homotopy equivalence
1X ), and a weak homotopy equivalence between I in(X) and F n−1 (X\Q 1 ) × Ω(
Up to the identification of the groups π j ( n 1X ) with π j ( n 1 X) via the isomorphism π j (q(X)) : π j (X) −→ π j (X) and the identification of the groups π j−1 (I in(X) ) and π j−1 (F
1X )) via the isomorphism given in the statement of Theorem 2.5(3), the restriction of the boundary homomorphism∂ j : π j ( n 1X ) −→ π j−1 (I in(X) ) of the homotopy long exact sequence of the homotopy fibration
Proof. In the whole of the proof, we shall replace the manifold X (resp. the group G) of Theorem 2.5 byX (resp. by π 1 (X)). The group π 1 (X) is discrete, and since X is a manifold, π 1 (X) is countable and so is a 0-dimensional Lie group.
(1) Since π 1 (X) is discrete,X is 1-connected and dim(X) ≥ 3, it follows from the second part of the statement of Theorem 2.5(1) that F π 1 (X) n−1 (X\π 1 (X)Q 1 ) is homeomorphic to F n−1 (X\Q 1 ). Applying this to the first part of Theorem 2.5(1) yields the rest of the statement. (2) Since q(X) :X −→ X is a covering map, the induced homomorphism π j (q(X)) : π j (X) −→ π j (X) is injective for all j ≥ 1 and is an isomorphism for all j ≥ 2. Up to the identification of π j ( n 1X ) with π j ( n 1 X) via this isomorphism, the result then follows directly from Theorem 2.5(3).
The following result brings together various descriptions for the homotopy type of the homotopy fibre I in(X) , where X is a topological manifold without boundary whose universal covering is contractible. Proposition 2.7. Let X be a connected topological manifold without boundary such that dim(X) ≥ 3 and whose universal coveringX is contractible, and let Q 1 ∈X. Then the homotopy fibre I in(X) of the map i n (X) : F n (X) −→ n 1 X is weakly homotopy equivalent to each of the following six spaces:
Proof. Let p(X) :X −→ X denote the universal covering map.
• Since the space n 1X is contractible, the map i
n−1 (X\π 1 (X)Q 1 ). Further, π 1 (X) is discrete,X is 1-connected and dim(X) ≥ 3, it follows from Theorem 2.5(1)
• The strict pull-back (2.2) gives rise to a homotopy equivalence F
1X are pairwise homotopy equivalent.
• Since dim(X) ≥ 3, the map i n (X) : F n (X) −→ n 1 X is 2-connected by Theorem 2.2, and thus π 1 (i n (X)) is an isomorphism. Further,
X is the universal covering, and so it follows from Lemma 1.1 that
• The pull-back (2.1) gives rise to a homotopy equivalence
• Consider the (strict) pull-back:
is a weak homotopy equivalence by Corollary 1.8 and (2.3). On the other hand, the mapĩ n (X) is null homotopic because the space n 1X is contractible, and it follows from (1.
(X) are pairwise homotopy equivalent, and are weakly homotopy equivalent to I in(X) . Finally, (2.5) implies that I i ′ n−1 (X) ≃ I in(X) , and by Corollary 1.8 and (2.3), there is a weak homotopy equivalence I i ′′ n−1 (X) −→ I i ′ n−1 (X) , and the result follows.
The family of manifolds covered by Euclidean spaces is properly contained in the family of manifolds whose universal covering is contractible. The fact that the inclusion is strict may be seen by considering for example the Whitehead open 3-manifold that is contractible but not homeomorphic to R 3 .
Remark 2.8. By [5, Theorem 1.6, Chapter V, p. 229] and [21] , the universal covering of any paracompact aspherical manifold is contractible.
3. The homotopy fibre of the inclusion map
k /G and the associated long exact sequence in homotopy
In this section, we start by studying the homotopy fibre of the inclusion i n (S k /G) :
where S k /G is the orbit manifold associated with a free tame action of a Lie group G on the k-sphere S k . One of our aims is to describe completely the long exact sequence in homotopy of the homotopy fibration
in the case that G is discrete (so finite). Let k ≥ 3, and consider a free tame action
comparing Euler characteristics, we obtain χ(S k ) = |G| . χ(S k /G), so G is trivial or Z 2 if k is even, and |G| ≥ 2 if k is odd. In particular, for G = Z 2 we get S k /Z 2 = RP k , the k-dimensional real projective space. If dim(G) > 0 then we have the following result. Using Theorem 3.1, we obtain the following proposition. (1) If G is finite with |G| > 2 or G = S 1 then k is odd.
(2) If G = N(S 1 ) or G = S 3 then k = 4m + 3 for some m ≥ 0.
(1) First, suppose that G is finite with |G| > 2. Given a free action G × S k −→ S k , we see that χ(S k ) = |G| . χ(S k /G), so k is odd because |G| > 2. Now assume that G = S 1 . A free action S 1 × S k −→ S k of S 1 on S k induces a free action of the cyclic group Z l on S k for all l ≥ 1. Comparing Euler characteristics once more, we obtain χ(S k ) = l. χ(S k /Z l ), and taking l ≥ 3, we deduce once more that k is odd.
(2) Suppose that G = N(S given in [12, p. 146] for the reduced Euler characteristicχ, we see that m ′ is also odd, and so k = 4m + 3 for some m ≥ 0.
If k ≥ 3, let G × S k −→ S k be a tame, free action of a compact Lie group G on S k , and consider the topological manifold without boundary S k /G that is the orbit space for this action. If Q 1 ∈ S k , the map S k \GQ 1 ֒−→ S k factors through the contractible space S k \Q 1 , and so is null homotopic. If 1 ≤ i ≤ n, the fact that the following diagram:
homotopic. We obtain the following corollary by applying parts (1) and (2) of Theorem 2.5 to the map i ′′ n (S k ). (1) There is a homotopy equivalence
Let k ≥ 3. We now proceed to study the long exact sequence in homotopy of the homotopy fibration
In this case, there is a homotopy equivalence
by Theorem 2.5(1). We restrict our attention to the case where k is odd and dim(G) = 0 i.e., G is finite. Up to the identification of the group π j (I in(S k /G) ) with π j−1 (F G n−1 (S k \GQ 1 ) × Ω( n−1 1 S k )) described in Theorem 2.5(3), our aim is to π j (i n (S k /G)) : π j (F n (S k /G)) −→ π j ( n In the commutative diagram of fibrations (2.4), replace X by S k /G, and Q 1 byQ 1 . By Lemma 3.5, the homomorphism
is trivial. Taking the long exact sequence in homotopy of (2.4), and using the commutativity of the resulting diagram, we deduce that Im(π j (j Note that Proposition 3.6 gives a complete description of the long exact homotopy sequence in homotopy of the homotopy fibration (3.7) in the case where G is finite and k is odd. The study of the configuration spaces F n (RP 2k ) constitutes work in progress.
